ABSTRACT A new numerical technique to solve nonlinear systems of initial value problems for nonlinear first-order differential equations (ODEs) that model genetic networks in systems biology is developed. This technique is based on finding local Galerkin approximations on each sub-interval at a given time grid of points using piecewise hat functions. Comparing the numerical solution of the new method for a single nonlinear ODE with an exact solution shows that this method gives accurate solutions with relative error 1.88 × 10 −11 for a time step 1 × 10 −6 . This new method is compared with the adaptive Runge Kutta (ARK) method for solving systems of ODEs, and the results are comparable for a time step 2 × 10 −4 . It is shown that the relative error of the Galerkin method decreases approximately linearly with the log of the number of hat functions used. Unlike the ARK method, this new method has the potential to be parallelizable and to be useful for solving biological problems involving large genetic networks. An NSF commissioned video illustrating how systems biology helps us understand that a fundamental process in cells is included.
I. INTRODUCTION
In the new cross-disciplinary field of systems biology merging genomics, bioinformatics and engineering the focus is on using networks of genes and their products to predict fundamental processes in the cell [1] . The field began in the 1990s with the assembly of biochemical pathways to describe the functioning of entire cells [2] - [4] . The field was transformed with the development of new genomics technologies [1] , [5] , [6] to measure how many genes and proteins behave simultaneously in cells. We are now poised to describe the cellular dynamics of an entire cellular network [7] , [8] . The challenge is to be able to simulate such large networks. The dynamics of these cellular networks are often described by very large systems of ordinary differential equations [9] . One of the major problems in systems biology is solving large systems of ordinary differential equations describing how genetic networks behave [10] , a challenge arising in other areas of science and engineering as well [11] . The Galerkin method has been employed for solving different kinds of ordinary differential equations [12] - [19] . Here we show how Galerkin's method can be used in conjunction with Finite Element Method (FEM) piecewise hat functions to solve systems of nonlinear first-order ordinary differential equations (ODEs). Here our method is applied to systems of ODEs describing several genetic networks [20] , [21] . The importance of these networks to our daily lives is summarized in an NSF commissioned video attached [22] . The idea behind the method is to find local Galerkin approximations to the solutions of the ODEs on each sub-interval of a given mesh using a collection of hat functions. In addition to the fact that this method is a new method for solving any nonlinear system of ODEs with high accuracy and stability that is comparable with the ARK method, it has the potential to be parallelizable and to be useful for solving biological problems that depend on solving systems of nonlinear ODEs modeling genetic networks [10] . Since the data to identify such networks are sparse and noisy (error being 10% of values measured or larger), such biological problems can be solved quickly and with acceptable accuracy and high stability when a small number of hat functions is used as shown in (Fig. 1) . The high accuracy of the ARK method, as an example, is not needed for these biological problems [23] . Our new approach achieves the required biological accuracy and if so desired, gives results as accurate as the ARK method. The basic idea of the new approach is to approximate each element in the solution of a system of nonlinear first-order ODEs by a piecewise hat function on one subinterval at a time. In this paper, this method is illustrated by solving an initial value problem of: 1) a single nonlinear first-order differential equation; 2) a system of nonlinear first-order differential equations for a genetic network describing the toggle switch [24] ; and 3) a system of nonlinear first-order differential equations for a genetic network for the biological clock of the model fungal system, Neurospora crassa [25] described in the video. The latter two initial value problems are central to systems biology. It is to be noted that parallelizing the computation of the Jacobian matrix and the integration functions in the Galerkin method can speed up the numerical computations of a system of nonlinear first-order differential equations. 
II. NUMERICAL METHODS
The Galerkin method is a very popular method for finding numerical solutions to partial differential equations. As an example for the Finite Element Method (FEM), we use the Galerkin method to approximate the solution of ordinary differential equations with a piecewise linear function as a sum of basis functions (Hat Functions). By using FEM and a weak formulation of the approximation method, which transfers the problem from a system of ODEs to a system of algebraic equations, we find the solution for the ODEs by solving these algebraic equations using the Newton-Raphson method. Three initial value problems are considered to show the accuracy of our method. The first problem involves solving only a single nonlinear first-order differential equation, and the other two cases involve solving two systems of nonlinear first-order differential equations. In the first example the new method is as accurate as the ARK method, and the other two examples solutions by the new method are comparable with the ARK method.
A. GALERKIN ALGORITHM FOR SOLVING SYSTEMS OF ODEs
A system of initial-value problems for nonlinear first order ODEs over a solution's interval [0 L] can be defined as
where S is the number of variables in a system of ODEs and in particular, the number of molecular species in a genetic network.
Note that a single nonlinear first order ODE problem considered above can be solved as a special case of the above system.
An approximate solution is expanded in terms of basis functions φ j (t) as
N is the number of hat functions; p nj is a vector of unknown expansion amplitudes that we are solving for; and n labels the different molecular species; and the φ j (t) is a finite-element basis function (hat function) defined on a grid of time points t j by
0, otherwise
For example, the initial condition of the first species is given by y 1 (0) = p 1,0 and the solution for a specific species (n) at a specific time point (j) is given by y n (t j ) = p n,j , since φ j t j = 1 and φ k t j = 0 for k = j. An alternative to hat functions is using compactly supported wavelets [26] or other types of finite-element basis functions, such as Hermite finite elements [23] .
Using the residual form
we impose a weak Galerkin formulation of an approximate solution to solve for p nj as weight variables
B. The Algorithm
For arbitrary p nj
. , S (S is the number of species).
Define for a given fixed k; p k , p k−1 and p k+1 ; where
where p 1,k are the solution points for the first ODE (species f 1 ), p S,k is the solution points for the last ODE (species f S );
Solving for f(p) = 0 is done by using the Newton-Raphson method [27] . The procedure for a Newton-Raphson scheme for solving this system of nonlinear algebraic equations can be described by 1) Setting the initial iteration value to zero and assigning initial values for each variable, 2) Calculating the Jacobian matrix J ,
3) Using the Newton-Raphson scheme to solve the system of algebraic equations, which is obtained from f(p) = 0, the solution is defined by
The matrix G i can be obtained by using the Gaussian elimination method with scale partial pivoting [27] . A central finite-difference formula has been used to find an approximation to the partial derivatives of the Jacobian matrix. For example, calculating a given value in the Jacobian is done by
The δ has been assigned a small value such as 1 ×10 −4 , so that the final ODEs solutions for the above system do not change much by further reducing the δ value.
by using the Gauss quadrature rule [27] since f T is an integration function in this approach. 5) Iterating until the convergence of all variables is achieved. Tolerance of 1 ×10 −6 is sufficient for solving the above system by using the Newton-Raphson method. 6) Note that solving such a system of algebraic equations is obtained sequentially. For example, the solution of the vector f (p k+1 ) at fixed time is obtained from the solution of the vectors f (p k−1 ) and f (p k ). What makes this Galerkin approach so attractive is the stability properties of the algorithm and the ability to control rigorously the error [14] , [15] , [18] , [19] . In (Fig. 2) the solution of such systems is shown for the first initial value problem described below using our proposed method, and the solution oscillates around the exact solution. Therefore, to achieve a reasonably accurate solution with the lowest possible number of hat functions, we propose that the initial guess for the Newton-Raphson method on the oscillation time to be the average of p k−1 and p k instead of just p k . We check for an oscillation on p k−2 , p k−1 and p k and we assign the average of p k−1 and p k to p k if the oscillation happens on these points. The accuracy of the final solution is based on the number of hat functions used for the solution (as the number of hat functions increases, the accuracy increases). that has the exact solution:
2) An initial value problem of a system of nonlinear first order ODEs for a genetic network of the toggle switch [24] as specified by
where; u(0) = 0;v(0) = 0;α 1 = 2, α 2 = 4, β = 2, γ = 2
3) An initial value problem of a system of nonlinear first order ODEs for a genetic network of the biological clock of Neurospora crassa [25] as specified by
All of the parameter values of this clock network problem are given in Tables 1 and 2 [25] .
III. RESULTS AND DISCUSSIONS
The new method yields solutions for fixed and specific time steps, and the accuracy is as high as the ARK method if a large number of hat functions are considered as shown in Table 3 and (Fig. 3) . On the other hand, the accuracy of the solution is still acceptable for biological problems if a fewer number of hat functions is considered as shown in (Fig. 4-Fig. 5 ).
The maximum global relative error has been computed for the single nonlinear first ODE, for the genetic network of the toggle switch, and for the genetic network of the biological clock of Neurospora crassa using the following formula:
Max global relative error (14) = Max k where k = 1, 2, . . ., S = number of species.
The single nonlinear first ODE has an exact solution, and for the other two cases we have considered the approximate solutions of ARK with absolute and relative errors equal to 1 ×10 −13 as exact solutions for them.
A. THE THREE CASES THAT HAVE BEEN CONSIDERED TO SHOW THE ACCURACY OF OUR METHOD 1) SOLVING AN INITIAL VALUE PROBLEM OF A SINGLE NONLINEAR FIRST ORDER ODE
We used the proposed algorithm to find solutions for the single nonlinear ODE with various numbers of hat functions in the fixed interval [0 10]. It has been found that the accuracy increases approximately two orders of magnitude as the number of hat functions increases by one order of magnitude as is shown in Table 3 , (Fig. 3) , and (Fig. 4) .
2) SOLVING ODES OF THE GENETIC NETWORK OF THE TOGGLE SWITCH
We used the proposed algorithm to find solutions for the toggle switch genetic network with various numbers of hat functions and time steps over the solution interval [0 10]. The solution is comparable with the ARK method (with absolute and relative errors for ARK being 1 ×10 −13 ) as is shown in Table 4 , (Fig. 6), (Fig. 7) , and (Fig. 8) .
From Table 4 above, we found that the errors coming from solving the v species in the toggle switch are larger than the ones coming from the u species with varying numbers of hat functions. Thus, the maximum global relative error equals to the maximum local relative error of the v species.
The Galerkin and the ARK methods give comparable solutions for both variables u(t) and v(t) as shown in (Fig. 7) and (Fig. 8 ). The two solutions by different methods are virtually indistinguishable. Table 5 and (Fig. 9 ), (Fig. 10), (Fig. 11), (Fig. 12), (Fig. 13), (Fig. 14) , (Fig. 15) , and (Fig. 16) .
Note that the accuracy is less than the second case 2) because we use the same number of hat functions over a Table 5 that a total of 10,000 hat functions is sufficient to obtain a relative error that is 0.07 or 7% or less. Again in (Fig. 9) there is a linear relation between the maximum global relative error and the number of hat functions on a log-log plot.
The solutions for this dynamical system in (Fig. 10 ), (Fig. 11), (Fig. 12), (Fig. 13), (Fig. 14) , (Fig. 15), and (Fig. 16 ) using the Galerkin and ARK methods are indistinguishable using 1000 hat functions. Although the max global relative error using 1000 hat functions over the interval [0 200] is of order of 30% as it is shown in Table 5 , in the figures we show that the solution is sufficiently good for biological problems.
B. A POTENTIAL PARALLELIZATION SCHEME FOR THE GALERKIN METHOD
Unlike the ARK method, which is inherently sequential for solving systems of ODEs, the Galerkin method as stated before can be parallelized by parallelizing the Jacobian matrix's calculation and the integration functions. This parallelization will speed up the numerical method of solving a system of nonlinear first-order differential equations. More-VOLUME 1, 2013 over, this new method allows us to parallelize the ensemble method [25] for identifying genetic networks from real data on each variable (or species). Briefly, the ensemble method suggests that instead of identifying one unique parameterization of the model, we aim to identify an ensemble of models consistent with available experimental data and use Monte Carlo simulation techniques to generate random samples of model parameterizations (an ensemble) that represent the data well. This sampling process is captured in an animation within the associated NSF commissioned video [22] . In other words, in the ODE solving scenario a unique solution will be found by specifying the initial conditions. In contrast, in the ensemble method since we don't know the initial con- ditions and other parameters values, which are required for solving systems of ODE, a Monte Carlo procedure is used to generate several initial conditions and parameters values, and while the Monte Carlo runs, it finds parameters that make the predicted solution closer to the experimental data. Finding the parameters could be done by using the Metropolis procedure [25] , which minimizes the Chi-squared statistic comparing the experimental data and the predicted solution. Mainly, there are two stages in the ensemble method: the equilibration stage that is used to find parameters values that make the ODE solution converge to the experimental data and the accumulation stage, which is used to accumulate many sets of these parameters (i.e., the ensemble) that fit the experimental data well. Averaging over the ensemble allows an assessment of fit to the experimental data. Thus, averaging several solutions of the ODEs with different initial conditions that fit the experimental data will be found from a random sample of parameters that reproduce the experimental data. Using ARK in the ensemble method implies that the system of ODEs should be re-solved for each proposed ensemble Monte Carlo updating step, and solving for the time step t+h requires the solution at the prior t. To apply a parallelized Galerkin method version instead of the ARK method version, suppose there are (n) hat functions subintervals with (k) test grid points. The purpose of these test grid points is to sample the quality of the solution, for each of the subintervals as shown in (Fig. 17) . On the one hand, Monte Carlo simulation will propose a set of parameters values and hat function amplitudes, which are required for solving the system of ODEs using FEM explained in this paper, for each subinterval. On the other hand, one or more subinterval(s) could be assigned to one slave processor that will solve for the system of ODEs given these parameters on its subinterval(s). Then for each of these test grid points within this subinterval(s), the method evaluates the left hand side of the differential equation and the right hand side of the differential equation and from the difference between the left hand side and the right hand side will find the residual, which is given in Equation 13 . After that each processor will calculate its chi-VOLUME 1, 2013 square statistic and send the result back to a master processor. The master processor adds the resulting chi-squared statistics up and either accepts or rejects the proposed parameters and amplitudes based on the Metropolis procedure. The potential parallelizing procedures for the Galerkin method are either through Message Passing Interface (MPI) or MPI with Graphics Processing Units (GPUs). The result is a new parallel ensemble method, which we call the super-ensemble method [23] because it combines the Monte Carlo search for parameters with an approximation to the ODE solution (by the Galerkin Method).
IV. CONCLUSION
A new method for solving systems of initial-value problems for nonlinear First-order Ordinary Differential Equations using the Galerkin finite elements method piecewise hat functions has been developed that gives as accurate a solution as the Adaptive Runge Kutta method when a large number of hat functions are used, and acceptable accuracy for the biological problems when a fewer number of hat functions is used. On the other hand, unlike the adaptive Runge Kutta method, this method has the potential to be parallelizable and to be useful for solving biological problems that depend on solving large systems of nonlinear ODEs describing genetic networks and other systems in engineering. Moreover, this method yields solutions not for arbitrary time steps but for desirable fixed time steps.
As shown above we produce trajectories from the Galerkin Method comparable with the adaptive Runge Kutta method (with relative and absolute errors for the ARK are equal to 1 ×10 −13 ) by using a low number of hat functions (100 hat functions for the first two cases over the interval [0 10] and 1000 hat functions for the last case over the interval [0 200]). Developing this method to be faster than the traditional ODE solvers is a potential study in the future especially when biological problems with large networks are considered. Identifying large networks is complicated by having many parameters and limited data [28] . One solution to this problem is the use of ensemble methods [25] . A parallelized ODE solver enables faster sampling of the parameter space in ensemble methods to identify what we know (i.e., is supported across the ensemble) and what we do not know (i.e., is not supported across the ensemble) about a large system of ODEs.
